Quantization of massive scalar fields over static black string backgrounds 
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The renormalized mean value of the corresponding components of the Energy-Momentum tensor 
for massive scalar fields coupled to an arbitrary gravitational field configuration having cylindrical 
symmetry are analytically evaluated using the Schwinger-DeWitt approximation, up to second order 
in the inverse mass value. The general results are employed to explicitly derive compact analytical 
expressions for the Energy-Momentum tensor in the particular background of the Black- String space- 
time. In the case of the Black String considered in this work, we proof that a violation of the weak 
energy condition occur at the horizon of the space-time for values of the coupling constant, that 
include as particular cases the most interesting of minimal and conformal coupling. 
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Semiclassical gravity considers the quantum dynamics 
of fields in a gravitational background, which at this level 
of description is considered as a classical external field. 
That is, all fields are considered as quantum ones, with 
the only exception of the external gravitational field, that 
remains satisfying the classical Einstein field equations, 
associated with sources given by the vacuum expectation 
values of the stress energy tensor of the matter fields 
[ij. In that situation, it is necessary to have adequate 
mathematical methods to obtain explicit analytical ex- 
pressions for the renormalized stress tensor {T^)rem the 
quantity that enters as a source in the semiclassical Ein- 
stein equations [21,^3., J,, ^,6, 7, 8]. This stress tensor and 
the expectation value ((/J^)ren of a quantum field Lp are 
the main objects to calculate from quantum field theory 
in curved spacetime. 

Having the components for {T^)rem the backreaction 
of the quantized fields in the space-time geometry of 
black holes can in principle be determined, unless the 
(unknown) effects of quantum gravity become important. 
There are several approximate methods to build the ef- 
fective action, starting from which the energy momen- 
tum tensor can be calculated by functional differentia- 
tion with respect to the metric fSl . One of the developed 
techniques, the so called Schwinger-De Witt expansion, 
is based on a series development expansion of the effec- 
tive action in inverse powers of the field mass. It is well- 
known that this method can be used to investigate effects 
like the vacuum polarization of massive fields in curved 
backgrounds, whenever the Compton's wavelength of the 
field is less than the characteristic radius of curvature 
07 B 07 Hi- Also numerical computations of (T^)ren and 



have been performed by a number of authors 



In General Relativity there exists a four parameter 
family of black hole solutions called the generalized Kerr- 
Newmann family. The solutions belonging to this fam- 
ily are characterized by the four parameters: mass M, 
angular momentum J, charge Q and the Cosmological 
Constant A [9]. These are axis-symmetric solutions that 
show different asymptotic behavior depending on the sign 
of the cosmological constant. There are two important 
cases of axial symmetry. One is the spherical symmetry 
that have been studied in great detail since the birth of 
General Relativity. The other one is the cylindrical sym- 
metry. As it has been shown by Lemos in Ref. in 
the case of negative cosmological constant, there exists a 
Black hole solution showing cylindrical symmetry: the so 
called Black String. Charged rotating black string solu- 
tions has many similarities with the Kerr-Newman black 
hole, apart from space-time being asymptotically anti- 
de Sitter in the radial direction (and not asymptotically 
flat). The existence of black strings suggests that they 
could be the final state of the collapse of matter having 
cylindrical symmetry. 

In a cylindrical coordinate system (x 
(t, p, Lp, z) with — oo <t< oo, < p < oo, — oo < z < oo, 
< (/3 < oo,the metric of the static black string showing 
both charge and angular momentum equal to zero is (see 
Ref. (9j): 



o^dip^ + {apfdz'^ 
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, o AM , , 9 dp^ 
ds'^i a^p^ dt'+ . ^ ; 

a) 

with the constant ol defined as o? = — ^A, where A is a 
negative Cosmological Constant. The above metric has 
an event horizon located at pa ~ The apparent 

singular behavior at this horizon is a coordinate effect 
and not a true one. The only true singularity is a poly- 
nomial one at the origin. 

Previous works on the problems of determining {tp'^)ren 
and the renormalized stress tensor components for con- 
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formally coupled massless scalar fields in black String 
backgrounds and the calculation of gravitational back- 
reaction effects of the quantum field were performed by 
DeBenedictis in To^. 

In the following wo use for the Riemann tensor, its 
contractions, and the covariant derivatives the sign con- 
ventions of Misner, Thorne and Wheeler Our units 
are such that h = c — G = 1 . 

In this paper we derive the exact expressions for the 
components of the renormalized stress tensor for massive 
scalar field in the black string background. We first con- 
sider the derivation of the Schwinger-De Witt approxima- 
tion for the renormalized Lagrangian and Stress-Energy 
tensor of massive scalar field subject to an arbitrary back- 
ground space-time. Consider a single massive scalar field 
4>{x) with mass m interacting with gravity with non min- 
imal coupling constant ^ in four dimensions. The action 
is: 

S = j d^x^{V^4N^,^+{m' +iR)4>'') (2) 

Using DeWitt's effective action approach and applying 
Schwinger's regularization prescription ^,'?| one gets the 
renormalized effective action for the quantized scalar field 
satisfying equation (1) as 

.,_/..^.. ^ 

_ 1 f ,4 ^ strak{x,x) 

2(47r)2 J ^ k{k - l)(fc - 2)m2(fe-2) 

(3) 



In the above expression strF denotes the functional su- 
pertrace of F [J]. The coefficients [a^] = ak{x,x'), 
whose coincidence limit appears under the supertrace 
operation in (7) are the Hadamard-Minakshisundaram- 
DeWitt-Seeley coefficients (HMDS). As usual, the first 
three coefficients of the DeWitt-Schwinger expansion, 
flo, ai, and 02, contribute to the divergent part of the ac- 
tion and can be absorbed in the classical gravitational 
action by renormalization of the bare gravitational and 
cosmological constants. Various authors have calculated 
some of the HDSM coefficients in exact form up to n > 4 
01 . In this report we use the first non- vanishing term 
of the renormalized effective action above as our approxi- 
mate effective action. As was proved in 0| the differential 
operators related with the equation of motion for fields 
of higher spin can be manipulated in a form that results 
in analogous effective actions differing only by numerical 
coefficients, and one can generalize the presented results 
to fields of other spins. However, it is important to stress 
that the method is restricted to cases of massive fields 
in which we avoid the presence of strong or rapidly vary- 
ing gravitational fields. Restricting ourselves here to the 
terms proportional to rn~^, [1, @], we obtain an expres- 
sion for the renormalized effective lagrangian involving 
only geometrical terms associated with the background 
space-time, suitable for the calculation of the stress ten- 
sor by functional derivation with respect to the metric. 
We refer the reader to the complete formulas in [T^] . The 
renormalized Stress-Energy tensor can be written in a 
general form as (T^ '')ren = C + D , where the " 
and D ,, ^ tensors take the somewhat cumbersome forms: 
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- V'V'R^xR^^ - (vxV,R\ + ^VV^i? - R^^R^\,^ R^'' + R^xR^'-R^^ - DiJ^^i?^^ 
24 

-V^V^A.Ai?^"] - YggQ [V^iJ^AV^i?^^ + VRyx'V^R^- - V-^ii^AV^ii/cJ/ - S/gR^x^^R-^'S; 
+ VxV''R^^Rr'^ + Vx^t^R^R^^ - V^WsR^xR'"'^; + V^VR^xR^-' - (vxVaR\ ""^ + ^VV^R 
-^R^'^R^^, + IRjxR'") R^,'' + V^V^il^Ai?^" - □A.^i?^" - We^-'R^xR^'S; + R^xR.'^R^'S;' 



-2R,xR^''R^'' + V^.RyxV^R'"' - 2V^A,^V^i?T"' + V^R^xV'R/] + ^{VR^^VxR^ 
+ VAi?/V^i?^^ - 2VTi?^AV^i?/ - W'R.xV'R^^^ + V.ii^AV^i?^^^" + 2V,i?^AV'^i?,^^^(5^"' 



+ iv^VAii/i?/ + ivAV'iJ^^i?^^ + iv^VAit^^^i?^" + ^VaV^E^^E^^ + ii?^Ai?ea^^'^"V 

- ^i?^AJie,.ii^^^" - V-'V^R^xR^," + Ve'^'^R^xR^'l + VeV^RyxR'"'^" - VaVgR^xR'^'^'S;' 
-nR^xR\ - V^iJ^AV'^i?,-'^^ + V.iJ^AV^i?^-^^^ - 2V,R,xV'R\ ^'') - (-2V^i?^^,^V'^i?,/^ 
+ V^V.i?^;,,^i?^^^ - V'VaRyXe^.R'''""' - Wa\/^R^\gR^% - R^xs^R.r R''^^^ + iiJ^Aeaii.^^i?^""^^ 

- V<.V^i?^^Aei?^^"" - 2VaR^xe^'R^^l) + ( " ^n^T/^A^i?^"^^ + 2VxRn^V'Rr^ - 2V''R^xV'R;^^ 
+ V^R,XBaV^R''^'^ - V^RyXsaVR^ - W.R^x.^.^^R^^'" - 2V,RyxV''R\ - ^V^R^xsa'^^Rr^^'^S;^ 
-2VeV^R^\^R^<^ - 2V''Vm^xsR/ + 2V ,V xR^^^R'''^" + V R^^.xsR'"'^' - ^V^V,il,AeaJ?^"^"V 

+ ii^^i?;,,;i?^-^^-2VAii^MV^V^" - ^V.iJ^A.aV'^i?^^^^^/ - 2y^y,R^xR\''' + iv,VTil,Aeai?^"^"V 
+ VxV''R,x,.R\ - ^^R^\,R\ - ^ (2V'^i?^A,^V-E/^'' + iE^A,ai?.V^'''^^V 

- 2i?^A,^i?//i?^"^" + V,V^i?^;,^^i?^^ - V^V''R^xeaR\ + V^V^.A.Ag^i?''"^" + 2^^ R^xea'^" R\ 

- V^V^R^xsaR^'l + 2y,Ry^V''R^^ e-)] . 

(4) 
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and: 
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967r^m^ 



2V^i?V'' R " + RV'^V^R.^f, + RVV f.R.'' - RVxV^R^ - l-RVV ^,R + RR^^ R 



RR^xR^^ 



2V-,RV^R^5^ - f,R^xR''^ + V f.V' R^xR''^ + V x^^RR'^^S^" - 2UR^xR''^^^ + -RRjxR^'^S^ 



'VV^RR,,^ - 2RRJ'R„^ + VaV^RR'''' - R^xR^ R 



4V,i?V^i?,^^^ 



2V R^xea^ t.R''^'^'' + 2RV^V^R. 



p^JX-yXga 



17 A 



-2i?V^V^i?^^^ + 2DR.,xe.R^^"'S; - -RR^xgaR''^'" 5 + R/ R^xgaR''^"' + 2RR^xgR^^f. 
^2Wx'^^RR\^'' + 2Vx^'yRR'"'^^ - 2VgR^x^<'R'<^5i^ - RVV^R^x^^) + ^v^iWf.RW'R 
-WW^iOR) + V^V'^(ni?) - ]-5/V^RV'<R - 2U'^R5/ - 2ni?V'^V^i?) -QrfiV^RVR 



— R^^n 

12 ^ 



RUR5,'' 



T^R^Ru' 
2 ^ 



V^RV^R5'') 



(5) 



where we use 9 = 30 — 252^ and ?7 = C ~ We should 
stress that a similar calculation was first performed for a 
general space-time by Matyjasek in reference Q. Our re- 
sults are somewhat different from that of Matyjasek, but 
in view of the existence of many tensor identities relating 
the metric tensor, the Riemann tensor, its contractions 
and its covariant derivatives, we expect the two results 
will be equivalent. The formulas obtained in reference [§| 
and those obtained by us, when applied to Schwarzschild, 
Reissner-Nordstrom and Kerr space-time shows identical 
results for the components of the renormalized stress ten- 
sor. 

In the space-time of a static Black String metric given 
by ID) simple results were obtained for the renormalized 
Stress Tensor of massive scalar field showing an arbitrary 
coupling to the background gravitational field. After a 
direct calculation, for the conformal part of the stress 
tensor we evaluated in this work the result: 



llaV^ - 2Qla-^M^p'^ + 1252M^ 
2520m27r2a3p9 ' 



2520TO27r2a3p9 



2520m27r2a3p9 



(6) 



(7) 



(8) 



The above components of the Stress Tensor do not de- 
pend in any way of the coupling constant ^ because of 
the constant value of the Ricci scalar in this space-time. 
The results for the components of the D ^ tensor are 



704M^ 



80a^ p^TT^m^ 



6^3 



2^7 



(9) 



a p 



a p 



- lUa^p^A'P - 896M3 
SOa^p^TT^m^ 

lUa^p^AP + 192M3 



80a^ p^n'^m^ 



2'K'^m? 



27r2rn2 



(10) 



(11) 



For the component we have the same value that DJ^ . 
It is interesting to evaluate the above components of the 
stress tensor at the event horizon of the black string. 
After straightforward calculations we obtain the results: 



and: 



3 Q^ri 
2 7r2m2 



3 a^ri 



2 7r2m2 
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377^ 



(12) 



(13) 



TP{ph) and 



Also we have the relations Tf^{pH) 
T/iPH) = V 

ponents of the renormalized stress energy tensor of the 
quantized scalar field will be positive at the horizon for 
the values of the coupling constant satisfying the relation 
"I" 3)^ ^ 2T0 ■ There are some particular cases in which 
the above relation is always satisfied. The simplest case 
of the conformal coupling £, — and the minimal one 
are two important examples. Also for the case £, < ^ the 
components of the quantized scalar field at the horizon 
are always positive quantities. If we define the energy 
density as £ = — T^*, then we can conclude that for the 
particular cases mentioned above the weak energy condi- 
tion is violated. However, violations of the weak energy 
condition for quantum matter are common, and they are 



'(ph) = T^{ph)- In the general case, all the com- 
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in fact required for a self consistent picture of the Hawk- 
ing evaporation effect. 

The results of this work are expected to be employed 
to investigate the back-reaction of the quantum scalar 
field, on the Black String metric. For this purpose, the 
Einstein equations for the metric should be solved af- 
ter including in them the calculated stress tensor for the 



Black String solution. Our results of the implementation 
of this programm will be published in the future. 

One of the authors (O.P.F.P) greatly acknowledges M. 
Chacon Toledo and E. R. Bezerra de Mello for help- 
ful discussions. This work was suported by the Abdus 
Salam International Centre for Theoretical Physics, Tri- 
este, Italy. 



[1] N.D. Birrel and P. C. Davies, Quantum Fields in Curved 
Space , (Cambridge University Press, Cambridge, 1982). 

[2] V. P. Frolov and A. I. Zelnikov, Phys. Lett. 115B, 372 
(1982), V. P. Frolov and A. I. Zelnikov, Phys. Lett. 123B, 
197 (1983), V. P. Frolov and A. I. Zelnikov, Phys. Rev. D 
29, 1057 (1984); A. O. Barvinsky and G. A. Vilkovisky, 
Phys. Kept. 119, 1 (1985). . 

[3] B. S. DeWitt, Phys. Kept 53, 1615 (1975) ; P. B. Gilkey 
J. Diff. Geom. 10, 601 (1975) . 

[4] I. G. Avramidi, Nucl. Phys. B 355, 712 (1991), I. G. 
Avramidi, PhD T/iesis, hep-th/9510140 

[5] J. S. Dowker and R. Critchley, Phys. Rev. D 13, 3224 
(1976) ; L. S. Brown and J. P. Cassidy, Phys. Rev. D 
15, 2810 (1977) ;T. S. Bunch and P. C. W. Davies, Proc. 
R. Soc. London A 360, 117 (1978) ; K. Kirsten and J. 
Garriga, Phys. Rev. D 48, 567 (1993) . 

[6] P. R. Anderson, W. A. Hiscock and D. A. Samuel, Phys. 
Rev. D 51, 4337 (1995) ; K. H. Howard and P. Candelas, 
Phys. Rev. Lett. 53, 403 (1984) ; P. Candelas, Phys. Rev. 



D 21, 2185 (1980) ; B. P. Jensen and A. C. Ottewill , 
Phys. Rev. D 39, 1130 (1989) ; B. P. Jensen, J. G. 
Mc Laughlin and A. C. Ottewill , Phys. Rev. D 45, 
3002 (1992) ; P. R. Anderson, W. A. Hiscock, and D. J. 
Loranz Phys. Rev. Lett. 74, 4365 (1995) ; E. R. Bezerra 
de Mello, V. B. Bezerra, and N. R. Khusnutdinov Phys. 
Rev. D 60, 063506 (1999) . 

[7] J. Matyjasek, Phys. Rev. D 61, 124019 (2000) . 

[8] J. Matyjasek, Phys. Rev. D 63, 084004 (2001) . 

[9] J. P. S. Lemos and V. T. Zanchin, Phys. Rev. D 54, 3840 
(1996). 

[10] A. DeBenedictis, Gen. Rel. Grav.31, 1549 (1999); A. 
DeBenedictis, Class. Quant. Grav. 16, 1955 (1999). 

[11] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravita- 
tion, ( Freeman, San Francisco, 1973). 

[12] Owen Fernandez Piedra and A. Cabo, gr-qc/0701135 
(2007) 



